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Abstract 

Recently we have discussed realization of an exact chiral symmetry in 
theories with self-interacting fermions on the lattice, based upon an aux- 
iliary field method. In this paper we describe construction of the lattice 
chiral symmetry and discuss its structure in more detail. The antifield 
formalism is used to make symmetry consideration more transparent. We 
show that the quantum master equation in the antifield formalism gen- 
erates all the relevant Ward-Takahashi identities including a Ginsparg- 
Wilson relation for interacting theories. Solutions of the quantum master 
equation are obtained in a closed form, but the resulting actions are found 
to be singular. Canonical transformations are used to obtain four types 
of regular actions. Two of them may define consistent quantum theories. 
Their Yukawa couplings are the same as those obtained by using the chiral 
decomposition in the free field algebra. Inclusion of the complete set of 
the auxiliary fields is briefly discussed. 
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1 Introduction 



Recently much attention has been paid to new realization of symmetries which 
are not compatible, in ordinary sense, with regularizations. The discovery of the 
exact chiral symmetry on the lattice Jl|-[0| may be regarded as the prototype of 
such realization. (See, for example, ref. |7[ for reviews of recent development.) 
The need for considering regularization-dependent symmetries is not restricted 
to lattice theories: A closely related issue in continuum theories is to realize 
gauge symmetries in the Wilsonian renormalization group (RG) ^j, which in- 
troduces an infrared cutoff to define the Wilsonian effective action. 

In the new realization of a symmetry, such as the lattice chiral symmetry 
or the gauge symmetry along the RG flow, symmetry transformation inevitably 
depends on cutoff parameter so as to make reconciliation with a regularization. 
For such a theory, neither an action nor path integral measure may remain 
invariant under the transformation. One has to determine the action and the 
symmetry transformation at the same time in such a way that total change 
arising from the action and the measure vanish. It is therefore difficult in gen- 
eral to give a nonperturbative formulation of the symmetry in the presence of 
interactions. 

For the chiral symmetry on the lattice, the gauge interactions were incorpo- 
rated into the Dirac operator in vector gauge theories. Recently, chiral gauge 
theories with anomaly-free fermion multiplets have been constructed in the 
abelian case ||. In these theories, the Ginsparg- Wilson (GW) relation JIJ, the 
crucial algebraic identity in formulation of the symmetry, takes the same form 
as that in free field theories. The significance and consequences of this identity 
has been extensively discussed [||-[Q|J-[]l9|]- However, it seems to be not clear 
how the GW relation should be generalized for describing other interactions. 

In a previous work |2^], referred to as I hereafter, we discussed a lattice 
chiral symmetry in theories with fcrmionic self-interactions, introducing a scalar 
and a pseudoscalar fields as auxiliary fields. A GW relation for these theories 
was given. It depends on the Yukawa couplings to the auxiliary fields. The 
Yukawa interactions we obtained take different form from those considered in 
the literature QlQQQQ. The chiral transformation obtained from the 
GW relation becomes nonlinear. Under the transformation, none of the kinetic 
term of the Dirac fields, the Yukawa coupling term and the functional measure 
remains invariant. Although we gave chiral invariant partition function, these 
peculiar properties of the chiral symmetry remained to be studied. 

The purpose of this paper is twofold: First, we consider construction of the 
lattice chiral symmetry discussed in I in more detail, using a framework of the 
antifield formalism originally developed by Batalin and Vilkovisky . Second, 
besides the peculiar properties of the chiral symmetry described above, we argue 
that the the actions obtained in I are singular. In order to have regular actions, 
we introduce new dynamical variables, and it enables us to reconstruct the chiral 
symmetry. 
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The reason why we use the antifield formalism to describe the lattice chiral 
symmetry is as follows: The formalism has been recognized as the most general 
and powerful method of BRS quantization for theories with local as well as global 
symmetries. For regularization-dependent symmetries, it is a nontrivial problem 
to derive the Ward-Takahashi (WT) identities, and is certainly desirable to 
develop a general method for doing this task both in lattice and continuum 
theories. We believe that the antifield formalism is a strong candidate for the 
method. Actually, it has been applied to regularization-dependent symmetries 
realized along the RG flow |22| j23| . In the antifield formalism, the presence of 
exact symmetries, irrespective of whether they are regularization-dependent or 
not, is expressed by the quantum master equation (QME) |plfl , £ = 0. 

For the fermionic theories we consider, antificlds arc introduced at the stage 
of the block transformation from a microscopic theory on a fine lattice to 
its macroscopic counterpart on a coarse lattice. In performing the transfor- 
mation, we also use the auxiliary field method discussed in I. A scalar and a 
pseudo-scalar fields are introduced again to make an effective description of the 
fermionic self-interactions. Introduction of antifields for the Dirac and the aux- 
iliary fields makes it possible to encode the chiral transformation in a natural 
way. This should be compared with the somehow ad hoc way of postulating the 
transformation rule in the conventional approach. 

Since the fermionic interaction terms are replaced by the Yukawa term and 
a potential of the auxiliary fields, the fermionic sector in the macroscopic action 
is linearized. The price for the use of the auxiliary field method is that we only 
obtain a more weaker condition, vanishing of the expectation value < £ >= 0, 
rather than the QME £ = 0. Although the condition < £ >= allows a wide 
class of solutions, we consider here only the solutions to the QME. We show that 
the QME generates all the relevant WT identities including the GW relation 
obtained in I. Under suitable assumptions, the QME can be solved in a closed 
form. The solutions are used to construct four types of chiral invariant partition 
functions. 

The actions constructed with these sets of solutions turn out to have singu- 
larities in the Yukawa couplings as well as in the auxiliary field potential. The 
singularities^ in the Yukawa couplings arise at the momentum regions where 
would-be species doublers appear. In order to remove the singularities, we per- 
form canonical transformations in the space of fields and antifields. Among four 
sets of the transformed regular actions, two of them contain massless doubler 
modes which decouple to the auxiliary fields. This decoupling occurs at tree 
level but could not be stable due to the quantum corrections. In other two 
sets of the actions, the doubler modes become massive, and decoupling to the 
auxiliary fields is ensured by the chiral symmetry. In these actions, the kinetic 
term of the Dirac fields, the Yukawa coupling term and the functional measure 
are all chiral invariant. The chiral transformation of the new variables takes the 

*A similar kind of singularities has been discussed in different context in IhI. 
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same form as the one for the free field theory. The Yukawa couplings coincide 
with those discussed in @ QUI @. They can be obtained by using the chiral 
decomposition in the free field algebra [^|||l2]|23 . The actions obey the classical 
master equation rather than the QME. 

As for the auxiliary fields, we restrict ourselves mostly to a scalar and a pseu- 
doscalar fields. We may include other auxiliary fields in a similar manner. We 
try here to give a formal argument of inclusion of the complete set of the fields 
with multi-flavor, though the constructed actions suffer from the singularities 
discussed above. 

This paper is organized as follows. In section 2, we describe construction 
of macroscopic action for fermionic system introducing scalar and pscudoscalar 
auxiliary fields. Then, the block transformation is reconsidered in the anti- 
field formalism. In section 3, the QME is derived. Under suitable assumptions, 
we show that it yields the WT identities discussed in I. Two sets of particu- 
lar solutions of the QME are given. Using these non-perturbative solutions, we 
give chiral invariant partition functions on the coarse lattice in section 4. In sec- 
tion 5, reconstruction of the chiral symmetry using canonical transformations 
is discussed. We perform inclusion of the complete set of the auxiliary fields in 
section 6. The section 7 is devoted to summary and discussion. Derivation of 
some formulae is given in Appendix. 



2 Macroscopic action in the antifield formalism 

In this section, we first construct a macroscopic action without introducing the 
antifields. Although this was discussed in I, a brief summary of the construc- 
tion is given to make the present work self-contained. We then reconsider our 
microscopic as well as macroscopic theories in the antifield formalism, and give 
a phase-space extension of the block transformation. 

2.1 Construction of macroscopic action 

Let A c [ip c , ijj c ] be a microscopic action of the Dirac fields ip c (x), i> c (x). The fields 
are defined on a d (even) dimensional fine lattice whose positions are labeled by 
x. For simplicity, they are assumed to carry a single flavor. The microscopic 
action describes a certain class of fermionic self-interactions. Let A[*B , be an 
effective action of the Dirac fields ^f n ,^f n defined on a coarse lattice. Indices 
n, to are used for labeling sites of the lattice. The macroscopic action is obtained 
from the microscopic action via the block transformation 

e -A[*,*] = jv^J)^ e-^.^.l-EnC*--^*--*-), (2.1) 

where a is a constant parameter proportion al t o inverse of the coarse lattice 
spacing a, a oc a -1 . The gaussian integral in (|]l]) relates the macroscopic fields 
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4*71, &n to the block variables defined by 

f B n EE J d d X f n (x)Mx) (22) 
\ B n EE Jd d xMx)f*( X ) ' 

where f n (x) is an appropriate function for coarse graining. It is normalized as 
Jd d x f*(x)f m (x) = Sum- 

The path-integral over the microscopic fields in (^l]) will generate fermionic 
self-interaction terms in the macroscopic action Instead of dealing with 

such terms directly, we introduce some auxiliary fields on the coarse lattice to 
describe the fermionic interactions. The maximal number of the auxiliary fields 
to be introduced is equal to the dimension of the Clifford algebra, i.e., 2 d for 
the d (even)-dimensional Dirac fields. In section 6, we discuss the inclusion of 
the complete set of the auxiliary fields. For simplicity, we restrict ourselves here 
to a scalar <r„ and a pseudoscalar field 7r„, because the scalar and pseudoscalar 
interactions are recognized as the most important couplings to describe chiral 
symmetry and its spontaneous breaking in the effective theory. The macroscopic 
action we consider then takes of the form 



A[%V] = ^{*„(A))nm*m 

7i m 



+V[y„(6 nm + /l(V)„ m )* m ,*„7 5 (<W + ft(V)nm)*m]|,( 2 - 3 ) 

where Do is the Dirac operator for the kinetic term, and V denotes fermionic 
interactions which consist of contact terms as well as non-contact ones with the 



difference operators h(V) nm . We may obtain the action (2.3) by performing 



integration over the auxiliary fields in a new macroscopic action: 
e- A [*'*l = J VnVa 

X e -S„ m *«( £, °+ 5 +MV)) nm (iT5T+<r) m * m -^x[7r,o-]_ ^.4) 

It is noted that the Dirac fields appear only bilinearly in the new action. All 
the fermionic interactions are cast into the Yukawa couplings with the auxiliary 
fields and the potential term .Ax[W, cr]. In summary, the block transformation 
is given by 

twjwc e - A ^cM-j:j* n -B n M* n -B n )^ (2 5) 



with the total Dirac operator 

D(n, a) nm = (D ) nm + (S + h(V)) nm {ilz^ + a) m 

EE D(n, a) nm + (ij 5 n + a) n . (2.6) 
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Here D(jr,a) is assumed to be at most linear in 7r and a. We now reconsider 



the block transformation (2.5) in the antifield formalism 



2.2 The antifield formalism and the block transformation 

The antifield formalism |Hj describes any local or global symmetry as a "BRS" 
symmetry. It defines a kind of "canonical structure" for a given action of fields 
by adding their "momentum variables" called antifields. In our previous papers 
[^2||^], the formalism has been used for realization of symmetries along the 
Wilsonian RG flow. The purpose of this subsection is to give a lattice version 
of the formalism in the context of chiral symmetry. 

In the antifield formalism, the chiral transformation in the microscopic the- 
ory takes the form of BRS transformation: 

SbiPc(x) = i C J5ipc{.x), 

5 B 4>c(x) = i C 4> c (x)j 5 , (2.7) 

where C is a constant ghost. It is Grassmann odd, therefore C 2 = 0. For the 
Dirac fields 4> a = {i/j c ,tp c }, one introduces anti-Dirac fields </>* = {ip*,i/j*}. Al- 
though the antifields are unphysical, they play an important role for encoding 
chiral symmetry, and should be eliminated only at the final stage of our calcu- 
lation. In order to include the antifields, one considers an extended microscopic 
action, 

S e [M*]=MMo]+ [ d d x[r c (x)6 B Mx) + 5bMxW c {x)]. (2.8) 



It is noted here that the BRS transformation operator 8b is Grassmann odd 
and carries one unit of ghost number. Therefore, the antifields cj>* regarded as 
source terms for <5b</>° are Grassmann even and carry ghost number — 1. The 
canonical structure in the theory with antifields is specified by the antibracket. 
For any functions F\<p,<j)*\ and G[<f>, </>*], it is defined by 



(F, G), = d d x 



d r F d l G d r F d l G 



dtp c (x) dtp*(x) dip*(x) dij) c {x) 
d r F d l G d r F d l G 



(2.9) 



dij) c {x) dip*(x) dip*(x) dip c (x) 

The chiral transformation of F is described as 

5 B F = (F,S C )$. (2.10) 

Note that this is an operation from the right. If the original action A c [ip c ,ip c ] 

is chiral invariant 5b A c = 0, the extended action S c [4>,4>*] is so, too. It is 
expressed by the classical master equation, 

(S c , S c )^ = 0. (2.11) 
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For the Dirac fields on the coarse lattice, we introduce their anti-fields \P* and 
. We also include anti-auxiliary fields: 7r* and a*. Let $ A = {"J/n, ^n, ^n, c„} 
be all the fields on the coarse lattice, and &\ = 7r*, a*} be their 

antifields. Then, a phase-space extension of (2.5) is given by 



e -s[*,**] 



VirVaV7r*Va* TJ S(w*)S(a*) 

n 

= J wn«(E*»/»w-«w) 5 (E f »/nW-i*w 

xe-^^'l, (2.12) 

where the block transformation for the antifie ld se ctor is described by using the 
5 functions. The total microscopic action in fl2.12|) , 

S£° tal [(M1 = S c [^,0*]+5^(* n -B n )a(* n -B n ). ( 2 - 13 ) 

n 

has terms linear in the microscopic Dirac fields: 



It implies that the effective source terms for ip c and -0c are proportional to 
(* + i C75a _1 #*) n and (* - C'j 5 a~ 1 ) n , respectively. Thus, we find that 
the macroscopic action takes of the form 

S[$,$*] - ^(§-*^C 7 5a- 1 ) n (^( 7 r, ( 7)-a), im (^ + zC7 5 a- 1 **)„ l 

nm 

+ E*» rf « + ^x[tt,o-] +^«<5stt„ + <5 B <j n ), (2.14) 

n n 

where the anti-auxiliary fields are included. They are multiplied by the BRS 
transformed auxiliary fields, Ss^n and Sb^u, which are to be determined later. 
We have used the total Dirac operator D(n, a) given in (2.6). 

It is noted that the chiral transformation for the Dirac fields *Sf, ^> is auto- 
matically encoded due to the presence of the anti-Dirac fields in (2.14): 

S B ^a = (*„, S[&,$*]) 9 = i C 75 (l - q-^d) tf m , 

V / nm 

Sb^u = (i, S[$,$*|) .^Wjl-a-'fl) 75, (2.15) 

V / ran 

where ( , )$ denotes the antibracket for the macroscopic sector. It is given by 
(F, G)» = (F, G) D + (F, G) x , 
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(F, G) D = 



d r F d l G d r F d l G 



(F, G) : 



E 



d r F d l G d r F d l G~ 
d r F d l G d r F d l G 



d-Kn dlT* 97T* On 

d r Fd l G d r Fd l G 



da n da* n da* da ri 



(2.16) 



In the antifield formalism, one can use canonical transformations for the 
phase-space variables. They are defined as transformations from {& A , to 
{<j>' A , $^'} that render the antibrackets invariant: (F, G)$ = (F, G)&>. One 
thing which should be remarked is that the path-integral measure is not 

left invariant in general under the canonical transformations. Since there is no 
Liouville measure in the phase-space, one has to take account of the associated 
Jacobian factor in quantum theory. 



We can rewrite the fermionic part of the action in (2.14) by performing a 
canonical transformation, 



n 
n 

\fi*' 

n 



\T/* 



(2.17) 



It is easy to see that the Jacobian factor associated with this canonical transfor- 
mation is trivial. Hereafter, we use the new set of variables in construction of 
the lattice chiral symmetry, and represent it by {9, \E'*, "J*} removing primes. 
Then, using these variables, the macroscopic extended action ( 2.14 ) is expressed 
as 

S[$, $*] = S D + Sx, 

Sd = ^ ^n-D(7T, tr) Bm f m 



E 



**i C 75 (l - 2a- 1 D) n J> m - V n i C l5 S nm % 



Sx = A x \ 

n 

It leads to the asymmetric form of the chiral transformation: 
5 B V n = iC l5 (l-2a- 1 D] * m , 

V / nm 

5 B ^n = i C^„ 75 . 



(2.18) 



(2.19) 
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Here obeys the standard chiral transformation, while \& does not. Instead, 
we may consider the chiral transformation 



Sb^u 



i CV m (l 



2a- L D 



75, 



(2.20) 



where \1/ obeys the standard chiral transformation, while "J does not. The Dirac 
action which leads to ( 2.20 ) is given by 



S D = ^ * n L>(7T, ff), 



V [*;< C l5 5 nm V m - V n i C fl - 2a- x D) 75*; 

— \ / nm 



, (2.21) 



which can be obtained from (2.14) via another canonical transformation. 

In this section, we have given the block transformation ( 2.1 2| ) in the antificld 
formalism. It relates symmetry properties in the microscopic theory to those in 
the macroscopic theory. After a canonical transformation, the extended action 
( |2.1£ ) or that with the action for the Dirac fields (2.21) has been obtained. We 
consider below the WT identities for this action. 



3 The QME and its solutions 

In the antifield formalism, the basic object which detects the presence of sym- 
metry in a given quantum system is the WT operator. For a path-integral 
J V(pe~ w \- V ' v 1 with an action W[ip, ip*], the WT operator is defined as Yl[ip, ip*] = 
(W, W) v /2 - A V W = e w A v e~ w , where A denotes the "divergence" operator 
whose explicit expression is given below. The WT operator £[y>, ip*] can be 
interpreted as follows: Consider a change of variables <p — ► <p + (<p, W) v . It in- 
duces changes in the action by (W, W) v /2 and those arising from the functional 
measure by A V W. Invariance of the path-integral requires cancellation of these 
two contributions: = 0. This is the QME, which ensures the presence 

of BRS symmetry in the quantum system. In this section, we derive the QME 
in our macroscopic theory, and then solve it. 

3.1 The QME in the macroscopic theory 

For the microscopic action, the WT operator reads 

£[^*] = i(£ c ,S c )*-A*£c, (3.1) 
where the A-derivative is given by 

dtp c (x) dip*(x) dip c (x) d%jj*(x) \ 
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We now discuss the relation between the WT operator for the microscopic 
action and that for the macroscopic action. To this end, we consider the func- 
tional average of the WT operator in the microscopic theory pa 



m<t>, <i>*]) t 



x e 



n 



x n 



-(Sl ot&l -S c )^ 



x n 



(3.3) 



where the actions S c an d S^. ° are those defined in (Q and (|t|). Performing 
integration by parts in (|3.3| ) and using ( 2.12| ) , one obtains 

Ap J gTrg^w; n„ {(O^Je- 81 ^' 1 

/P 7 rP ( 7P 7 r*P ( 7*n„' 5 «)'5«)e- S[ *' tI, * ] ' 



where the Ac is the A-derivative for the Dirac-field sector 

QT QT QT g, 



A 



D 



E 



(3.5) 



In order to include the contributions from the auxiliary fields in the WT oper- 
ator, we note that there is a trivial identity 



f VTTVaVTT*Va*Y[6(n* n )S(a* n )A x e~ s[ ' s '-' s '' ] =0, 

"* n 

where the Ax is the A-derivative for the auxiliary-field sector: 

/ QT QT QT QT 



E 



\ dw n £?7r* da n da* 



(3.6) 



(3.7) 



Let us define the WT operator for the macroscopic action $*] in ( 2.1 8| ) : 
£[$, $*] = 5) - (A D + A X )S = ±(S, S) - A*S. (3.8) 



Adding (3.6) to (3.4) and using A$ = Ad + Ax, one finds that 
[ W> q> fVirV<TVTr*V<T*Y\ n 5{Tr^5{<7Z)e~s[t>,^] 



-s[*.$* 



£[$,$*] 



(£[$,$*]> x . (3.9) 
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This is our fundamental relation between the WT operators in both theories. 
For the microscopic theory, we have assumed that the original fermionic 



action A c is chiral invariant. This leads to the classical master equation (2.11). 
Using (2.8) and (3.2), one can directly verify that A,pS c = 0. Therefore, the 
microscopic action satisfies the QME, 



0. 



(3.10) 



Using (3.9), we obtain (E[«&, < I > *]) A - = for the macroscopic theory. This implies 
the integral of the WT operator $*] over the auxiliary fields gives zero. It 
is allowed a wide class of solutions for which the WT operator becomes it or a 
derivative of something. We consider here more restrict class of solutions for 
which the macroscopic action obeys the QME 



(Si 
[A 



D 



Sx,Sd + 
- Ax] [S D 



0. 



(3.11) 



In order to further reduce (3.11), we assume that Ss^n and Sb&u are given 
by C times functions only of n n and a n . Since there appear no fermionic con- 
tributions in A^iS, the quantum master equation can be decomposed into two 
conditions: 



Sd)d + {Sd,Sx) x — 0: 
Sx)x - \^dS d + A x Sx] = 0. 



(3.12) 
(3.13) 



For any macroscopic fields $ A , the BRS transform 5b& a is proportional to the 
ghost C. It is convenient here to introduce Grassmann even counterpart 5 of 
the odd operator 8b- We may define it by 



5 B $ A = S$ A C, 
A X S X = -SJ X C, 



(3.14) 



where 6 Jx is the change in the functional measure T>-kT><j induced by the chiral 
transformation Sn and Sa. On the other hand, the change in the fermionic 
functional measure is calculated to be 



D>JD 



2 1 



75 - 75" 



D 



C. 



(3.15) 



The above relations ( 3.14 ) and ( 3.15 ) can be used to sho w tha t the QME 
leads to the WT identities given in I. Actually, one finds that (3.12) and (3.13) 
yield 



(Sd, Sd) d + (Sd, Sx) 



x 



11 



{75,^} 



- 2a- 1 D- f5 D - i 5D 



tf m (7 = 0, (3.16) 



Mx + 2i ^ T> (75-75^-0) -SJ 



C = 0. (3.17) 



Having obtained the WT identities from the QME, we are now in a position 
to solve them. For notational simplicity, we take below a = 1, unless otherwise 
stated. 

3.2 Solutions to the QME 



Let us consider first (3. IE) which reduces to 



(3.18) 



where 



(3.19) 



This is the GW relation for our system with auxiliary fields. As discussed in I, 
it is straightforward to determine SX n owing to the locality assumption: 



SX n = 
Sn n = 
Sa n = 27r„ 



-2i 75 (X n - X n X n ) 
-2a n + 2 (al - tt*) 



(3.20) 



Note that X commutes with 75, and obeys is a nonlinear transformation.^] Using 
this result, the GW relation reduces to 



{75, D} - 2Dj 5 D - 2D75X - 2X l5 D - i SD 



0. 



(3.21) 



In order to solve (3.21), we make an ansatz for the Dirac operator: 

D = D + (l + C(D ))X(l + K(D )) 
= D + X, 

D = D + C{D )X + XTZ(D ) + £(D )XTZ(D ), 



(3.22) 



where the Dq is the Dirac operator in the free theory. It satisfies the original 
GW relation 



{ 75 ,A)} = 2D 75A,. 



(3.23) 



^The matrix 75 satisfies 7? = 1. 
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Let us suppose that a solution for Do such as the Neuberger's type H is g iven, 
and determine the functions C(Dq) and TZ(Dq). One substitutes ( 3.22| ) into 
( |3.21 ) using ( |3.20 ) for SX. Then, the resulting expression for l.h.s. of (3.21) 
can be expanded in powers of X: There appear linear and quadratic terms in X. 
As shown in Appendix, both of these terms vanish if the following conditions 
are satisfied: 



(l-2A))75(l + £) = (l + £)75, 

(l + ft) 75 (l-2Do)=75(l + ft), 
(1 + Kh 5 (l + C) l5 = 75 (1 + £fr 8 (l + 11) = 1. 

We find two sets of solutions to these equations given by 

1 



(3.24) 
(3.25) 
(3.26) 



or 



C(D ) 

K(D ) 

C(D ) 
K(D ) 



- Do+ 1 n 

1 - 75 A)7e 

1 - 27 5 L>o7 5 



7 5 L>o75-D 



1 - 75-D075 
-D , 



-Do 



(3.27) 



-D 0} 
-Do 

-Do 



f Z?o75-Do75 
1 - 275 D 75 
1 - 75-D075 



1 



1 - 75D075 



(3.28) 



In Appendix, we show that C and 1Z in (3.27) solve ( 3.24 ) ~ (3.26). In summary, 
the Dirac operator which solves the GW relation ( |3.18[) is given by 



D 



Do + 75 



1-Dr 



75 X (1 - Do 



or 



D = Do + (1 - Do) X 75 



I -De 



75- 



(3.29) 



(3.30) 



Let us consider ( 3.29| ) and ( [3.30 ) . Since a matrix notation is used, the singular- 
ities arising from Do = 1 cannot be eliminated with the factor (1 — -Do)- The 
momenta satisfying the condition Do = 1 are those at which the species dou- 
blers appear. Therefore, the Yukawa terms suffer from the singularities. This 
kind of singularities have been discussed in ref. [l9[| in a different context. 

Let us postpone discussion on the above singularities, and turn to the other 
condition (3.17). It reduces to three equations: 



SA^[n,a) 



0, 



(3.31) 
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5A%>[n,<r] 



5J x [tt, a] = -8^7r„ 

n 

i 2 2 -^Tr 75 (X„-Xt), 



SA^[7r,a] = -2^Tr( 7 5 -75£>j 

n 

= 2i^Tr( 75 (l+Z)X(l + E)), 

n 

= 2i£lV( 75 X) nn , 



(3.32) 



(3.33) 



where we have used (3.26) to obtain the last expression of (3.33 ) . The factor 
2~d/2 m (3 32 ) is needed to normalize the trace, denoted by Tr, over the spinor 

indices. In (3.31), Ajp corresponds to an invariant potential. The terms 4y' 

(2) 

and A x are counter terms needed to cancel AxSx and A^Sd- Solutions of 
the above conditions are given by 



A$>[*,v] 



2> i 



A 



(2)r 
X I 



- 2a n + tt2 + cr^ 
5^21n(l-2o- n + 7i£ + o£) 

2 1 -^Trln((l-X„)(l-Xt)) 

J l 

^Tr(ln(l-X)) nn , 



(3.34) 

(3.35) 
(3.36) 



where a function h is introduced to describe the invariant potential. We notice 
that all these three terms become singular at X = 1. 

In this section, we have solved the QME (3.11) to determine the effective ac- 
tion on the coarse lattice. The solutions we have obtained are used to construct 
a lattice chiral symmetry. Let us discuss its structure in the next section. 



4 Lattice chiral symmetry in the macroscopic 
theory 

Let us first summarize our results. In contrast to I, we discuss quantization of 
the system in the antifield formalism. The partition function for the macroscopic 
theory is given by 

Zmacro = f V<PV<I>*Y[8(<S>* A )exp-S{<P, $*], (4.1) 

J A 



14 



with the total macroscopic action 

S[9, $*] = S D + S X , 

S X = A$+AV> + A$> 

n 

+a* n {-Tr n + 2a n ir n }C}. (4.2) 
There arise four types of the action Sd for the Dirac fields: 

(I) S D = V [* nJ D„ ro * m + C 75 (l - 2C) tf m - V n i C 75 5 nm ^* m ] , 

— L V / nm 

nm 

D = D + l5 —^— lb X(\~D ), (4.3) 

1 — Do 

(II) S D = V f* „A»m*m + C 7s <5 nm * m - * n t C fl - 2^) 7 5*^1 , 

— L V / nm 

nm 

-D = ^0 + 75-^7^75^(1-^0), (4.4) 
I — JJq 

(III) S D = V nJ D nm * m + C 75 (l - 2£») $ m - ¥ n t C l5 5 nm ^>* m ] , 

— L \ / nm 

nm 

D = D a + (l-D )X lb —^— lbl (4.5) 

1 — JJq 

(iv) s D = V h n D nm * m + c 75 <w*m - *„< c(i- 2b) 75*; 1 , 

— L \ / nm 

nm 

D = D + (l-D Q )X lb -l— l5 . (4.6) 

1 — Do 

The potential terms of the auxiliary fields, Ay', Ay' and Ay' are given in 



(|3|) ~ ( ]3.36| ). Under the BRS transformation 



or 









= i C*„7 5 , 




= 2i 75 (X„ 




= i C 75 *„, 



nm 
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(4.7) 



<5 B *„ = iCV m (l-2D) 75, 

V / mn 

5 B X n = 2i 75 (X n - X n X n ) C, (4.8) 



the functional measure in ( }4.1| ) multiplies by the contributions from the counter 
action, 

J[ 6{$* A )e- A x } ^l-^x [7: ' a] 

A 

n m 

xe-^M-^'M^ (4.9) 
remains invariant. The remaining part of the action 

S d + S x -AW-A$, 



is also left invariant under (4.7) or (4.8). In other words, the macroscopic action 
(|||) solves the QME, £[$, $*] = (S, S) 9 /2 - A$S = 0, which demonstrates 
the presence of an exact chiral symmetry in the quantum system on the coarse 



lattice. In (4.1), the chiral transformation of the macroscopic fields is encoded 
as the BRS transformation due to the presence of the antifields. Once the 
transformation rule is known, one may eliminate the antifields by the integration 
to obtain the partition function given in I. 

We have shown that the QME is solved in a closed form. It should be noted, 



however, that the resulting actions (|4.3| ) ~ (4J3) are singular as discussed above. 
Moreover, the chiral symmetry is realized in a peculiar way. The macroscopic 
fields (except for ^ or 'J) transform nonlinearly: Sb^ or 5b^ contains X, and 
SbX has a quadratic term of X. As a result, in the fermionic action Sd given in 



(4.2), neither the kinetic term ^Dq^ nor the Yukawa coupling ^(1 + C)X(1 + 
TZ)^ is chiral invariant, while their sum (^D a ^) + (^ (l+C)X(l+TZ)^) becomes 
invariant. Turn to the functional measure T>$> of the macroscopic fields, it is not 
chiral invariant so that the counter terms should be included. Furthermore, the 



basic invariant made out of the auxiliary fields is nonpolynomial as in ( p.34| ). 

Because of these problems, we would like to reconstruct the chiral symmetry 
in such a way that (1) the actions are free from the singularities, (2) the kinetic 
term of the Dirac fields, the Yukawa coupling term and the functional measure 
are all chiral invariant, and (3) the auxiliary field potential becomes polynomial. 
The reconstruction of the symmetry satisfying the above conditions can be done 



by employing a new set of canonical variables for each type of actions (4.2) 



(4.6). We argue that two of the transformed actions define consistent quantum 



theories but the remaining two cases may not. 



5 Reconstruction of chiral symmetry in terms 
of new canonical variables 

Let l> A = {9, 6, X = ij 5 ir + a} be new fields. In the antifield formalism, we 
obtain the new fields by considering a canonical transformation from {$> A , 
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to {<& A ,<&* A }, where <&* A = {0*, <d*,X*}. The generator is given by 



G[$, $*] = Q* n Y(X) nm * m + ^ §„f/(X) m „e^ + J] Tr [1;W(X)„] , (5.1) 



where X* = 2~ d / 2 [-ij 5 ir* + a*]. The matrices Y, U and W are functions 
of X, and symmetric in the spinor indices. The new helds are obtained by 
l> A = dG/d$* A , while the old set of antifields are given by $^ = dG/d$ A : 



On 

e„ 
x n 

* n 

VT/* 

* n 

X* 



[Y(xm n , 

[*U(X)] n , 
W(X) n , 
[&*Y(X)] n , 

[u(x)e*] n , 

dW{X) 7 



Tr 



(5.2) 



There is a variety of choices for the matrices Y, U and W with which the 
transformed actions are free from the singularities. Amo ng them , we discuss 
the following four cas es c orresponding to the actions (4.3) ~ (4-6). 

The case (i): For (4.3), we take 



Y(X) 

nm 

U{X) mn = ,\ 
W(X) n = 



1 



1 - D, 



(1-X)(1-D ) 



nm : 

x„ 



l-X n 



(5.3) 



One can confirm that the Jacobian factor associated with the change of variables 
from {-7T, a} n to {fc n , a n } exactly cancels the contribution from the counter term 
A (i). 



DixDo e 



n 

VnVa. 



Likewise, since 



^Tr(ln Y) nn -A 



(5.4) 



(5.5) 
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(2) 

one can also see that the fermionic measure with the counter term A x becomes 
V^V^ e- A x } = Y[d® n d® n e~ A{ x = VQVQ Det(Y) e - ^' 

n 

= VOVe cxp[J2 Tr(ln Y) nn - A$>] 

n 

= VQVO. (5.6) 
Therefore, the transformed theory is described by the partition function 



Zold — 



I r>$2?$*]J(5($^)cxp-(S'[$, $*]) 

J A 

= Z new = /"x>$2?**JJ«($i)exp-(5[$, $*]), (5.7) 

where the new action is given by 
$*] = S D +Sx, 

s D = Ve„ b + i(i-Do)l e m 

— L J nm 

nm 

+ i75 (i - 2D ) nm e m -J2 QnC z 75 e;, 

nm n 

5x - +2 C- (5.8) 

n n 

We have used here the relations 

t n £> nm * m = e„(i)r- 1 )„„ l e„ l 

£>o + X(l-A,) 



e, 



e, 



nm 

+ at. 



T 2 +<T 2 

'n ~ u n _ ~2 , -2 



(l-(T„) 2 + 7r2 

The partition function (pj) is invariant under 



< + <■ (5-9) 



<5 B e„ = % c 75 (i-2i?o) nro e m! 

<5 S 1„ = 2z 75 X„ C. (5.10) 



It is noticed that the Yukawa couplings in the action (5.5) are the same as those 
discussed by many authors § pi gl 111 f§ : 



CYukawa = ^ Q» [(» 7 57T + O") (1 ~ A))] nm Qr, 
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= ^#„[(n 5 7r + a)(l-A))] nm * r , 

nrn 

= ^ ®nij5(l ~ D ) nm Q m 7T„ 

nrn 

+ ^ ©n(l - D ) nm Q m a n . 



is form invariant, and chiral invariant: 

feCYukawa = 0. 



(5.11) 



(5.12) 



The case (ii): For (4.4), we may choose 



U(X) 

nrn 

W(X) n 



i 



75 



1-D 



(1 - *)75 



l-x„ 



(5.13) 



In this case, the Jacobian factor for the Dirac fields generates an additional 
factor Det(l — Do) ~ 1 , we may define the partition function as 

Z old = /"r>$27$*JJ(S(^)exp-(5[$, $*]) 



where 

«S[$, $*] 
5 D 



Det(l - D ) 

2»cw - /"r>$27$*JJ<J(^)exp-(5[$, $*]), 

£ 6„ [D (l - 7 5J Do75)] nm O m + J2 6n [X(l - 75 A)75 

nm nm 

+ ]T e;c ; 75 e m - £ e„c i 75 e* , 

n n 



(5.14) 



e, 



(5.15) 



The partition function Z ncw is invariant under 

§B ©n = * C75 ©n, 
fe©n, = i C0„75, 

5 B X n = 2i 7 5 X„ C, 



(5.16) 
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which is the same as the standard form of the chiral transformation in continuum 
(or microscopic) theories. 

The case (iii): For the action ( |4.5| ), the same results as (5.14), ( |5.15 ) and 
Q5.16D for the" case (ii) can be obtained with 



Y(X) 

II II! 

■III 1 1 

W{X) n 



75 



1 — -Di 



■(1-^)75 



(5.17) 



1-X n 

The case (iv): For the action (|4.6|), we consider the matrices similar to the 



case (i) as 



^ \X^ nra — 
U(X) mn = 

W(X) n = 



(1-D )(1-X) 
X n 



l-Dn 



1-X„ 



Then, one obtains the partition function (5.7) with the Dirac action 



S D = ^ 0„ [d + {1-D )X^ 

nm 

+ ®ic z 75 e„ - £ e„C i (1 - 2D Q ) nm l5 e* m: 



(5.18) 



(5.19) 



The chiral transformation takes of the form 



= i C7 5 0„, 

s B e n - i ce„(i-2^ ) 75 , 

5 B X n = 2i To X n C. 



(5.20) 



Let us discuss some physical consequences for the cases (i) ~ (iv) listed above. 
The four are classified into two two group s: (i) and (iv), (ii) and (iii). Ac tually , 
(ii) and (iii) share the same action ( |5.15 ) and the chiral transformation (5.16). 
The kinetic term of the Dirac fields as well as the Yukawa term in this action 
contains the factor (1 — 75-D075) m front of the Dirac fields. Since Dq = 1 at 
the momenta where the doubler modes appear, this factor vanishes. Thus, the 
doubler modes remain massless, and decouple with the auxiliary fields. However, 
this is the case only at tree level, and decoupling could not persist at quantum 
level: There are other chiral invariant Yukawa terms such as 



nrn w r 
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in which the doublers couple with the auxiliary fields. There are no reasons to 
exclude these terms in the quantum corrections. Therefore, (ii) and (iii) cannot 
give a consistent theory. 

Unlike these cases, the doubler modes in (i) and (iv) are massive and decouple 
with the auxiliary fields because of the factor (1 — Do) in the Yukawa couplings. 
The chiral invariant Yukawa terms always contain this factor, and therefore the 
chiral invariance protects the couplings of the doublers to the auxiliary fields. 
This can be seen by use of the chiral decomposition Q (||] : 

e, = i±*e, 



&r = e 



2 

1+75 
2 : 



where 



<9l = 6^-^, (5.21) 



7s = 75 (1-2D ). (5.22) 



Using 

SO R = iCQ R , se L = -ico L , 

SO R = iCQ Rl SO L = -iCO L , (5.23) 

we may construct the the Yukawa term by using the chiral projection. One finds 
that resulting Yukawa term is exactly the same as ©Yukawa in ( [5.11 ) : 



^Yukawa = Ofl ©fl(<7 + «7t) + Q L Q L {& - Mr) 

= QX(1 - D )Q = OY ukaW a (5.24) 
In the transformed theory, the integration over the new auxiliary fields can 



be performed explicitly. The last expression of the Yukawa term in ( 5.11 
be used to do it. One then obtains 

Zmacro 

= J veve exp ( - J2 ©« (D ) nm e m - h (o 4 -fcrmi(e, e)) J ,(5.25) 



inn 



where the antifields are integrated, too. The four-fermi interaction operator 
04-fcrmi is given by 

04-fermi(0) ©) = ^ 0«»75(1 ~ A))»mQm 
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^9 n (l - Do)nmQr 



(5.26) 



For the simplest case h(x) = x, we obtain the Nambu-Jona-Lasinio model. 

In this section, we have reconstructed the lattice chiral symmetry using the 
canonical transformations. Since these transformations are singular, the trans- 
formed theories are only equivalent to the original ones up to the singularities. 

6 Inclusion of the complete set of the auxiliary 
fields 

In the above formulation of the lattice chiral symmetry, the auxiliary fields we 
have considered are restricted to a scalar and a pseudoscalar fields. We discuss in 
this section inclusion of the complete set of the auxiliary fields. Let T l (i = 1 ~ 
2 d ) be the complete set of the Clifford algebra in d (=even) dimensional space. 
The Dirac fields carry Np flavors, and form the fundamental representation 
of u(N F ) algebra with a basis T a (a = 1 - Np) satisfying T at = T a . Let 
X A (A — 1 ~ TV ee 2 d N F ) be the direct product of the above two sets of the 
matrices, 

\ A = X ia = F®T°, (6.1) 

normalized by 

Tr(A At A B ) = tr (r) tr (T) (f'V) ® ( r a T b ) = 2%N F 8 lj 8 ab = 2^N F S ab .(6.2) 

Here trrpj and tr/x) denote the traces in the spinor and the flavor spaces, re- 
spectively. 

We introduce the complete set of the auxiliary fields x A , and define 

X ee x A \ A , 

x A = 2-3A^ 1 Tr(A At X) , (6.3) 



which is the extension of ( 3.31 ) 



Let us consider the block transformation suppressing the antifields for sim- 
plicity. 

j VX exp f - * n D{X)nm*m - A x [X] j 

\ nm / 

= J Vil)V$ exp f-4#,$ " J2(*n - B n )a (* n - B n ^j , (6.4) 
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where P.X [[ \ dx J r 

A=l n 

ake ag< 

macroscopic fields as 



The D{X) is again assumed to be linear in X. 

A=l n 

Hereafter, we take again a = 1. We may define the chiral transformation of the 



= ij 5 (l-2D) <H m , 

V / nm 

8X n = -i {75 , X n } + 2iX n j 5 X n . 



0. 



The WT identities associated with (p.5[) are given by 



(6.5) 

(6.6) 

(6.7) 
(6.8) 



where the potential term Ax is decomposed as Ax — A» ■ ^ should 

be noted that the chiral transformation and the WT identities essentially take 
the same form as those for the truncated case, except that X does not commute 
with 75 here. For the Dirac operator 



(i{ l5 ,D}-2W l5 D + 5D 
5A^[X] = 0, 
5A$> [X] = SJ X [X] = 4Af £„ Tr (i l5 X n ) , 
5Af [X] = SJ %§ = -2i £„ Tr (75 - 1 5 D(X) 



D(X) 



D + (l + C(D ))X(l + n(D )), 



(6.9) 



the GW relation ( |6.6[ ) can be solved with the Z?0j £ arL d 7?. given in ( |3~2l ) and 
(||7|) or Likewise, one obtains the counter terms 



4Pm 



^Trln(l-X n ), 



4 2) [X] = ^Trln(l-X„) 



(6.10) 



In order to construct the invariant potential AjP , we may define new set of 
the auxiliary fields: 



X n 



X n 



1 - x n ' 

which obeys a linear transformation as 

5X n = -il^,X n \ 



(6.11) 



(6.12) 
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Since X = x A transforms linearly, it is easy to obtain a quadratic invariant: 



f! (x J 

J inv V r. 



^AB^n^ni {I— 1;2, ■■■), 



where G^ B are suitable coefficients. Using these invariants, we have 
Af[X] = X>(/£v(#))- 



(6.13) 



(6.14) 



In summary, a chiral invariant partition function Z is given by 



(6.15) 



where 



z?PO = D + (i + c)x(i+n), 
Af[X] = 5>(// nv (^)), 



= ( 2 -^^ 1 + 1 )E Trln ( 1 - — )■ ( 6 - 16 ) 



N F 



X. n 



Let us give a special case of <i = 2 and = 1: X = i^^ir + a + ij^V^. The 
chiral transformation is given by 

<5tt„ = -2a n -27rl + 2al + 2V£ 2 , 



'■a 

5<7 n = 2n n — A-K n a ni 
5V£ = -4V>„. 



(6.17) 



The new fields x A defined in ( |3.11 ) and their transformation are given by 

dit n = —2a n , 



On = 

V? = 



(l-a, 


+ 






— 2 „1 
— TT n —<7 n 























2%n 



SVJf =0. 



We have two quadratic invariants: 



(6.18) 



f 1 

•I inv 



K n + °n 



fi 



Til + (a n -n 2 n - al - Vf) 



1 (v n n 2 



(1 - o n f + (n n f + (VnY 
yn 2 



(1 - a n f + (ir n ) 2 + WY 



(6.19) 
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In this section, we have discussed an extension of the auxiliary method. We 
have obtained a formal expression of chiral invariant partition function (6.16). 
Its action, however, is not free from the singularities discussed in section 3, and 
it seems to be difficult to construct the canonical transformation which removes 
these singularities. 



7 Summary and discussion 

There have been known nontrivial examples where exact chiral symmetries are 
realized in interacting theories on the lattice. One was given by Liischer who 
discussed chiral gauge theories. The lattice chiral symmetry in fermionic inter- 
acting system discussed in this paper may provide another example. For our 
fermionic system with auxiliary fields, there arise two sets of the WT identities 
: One is the GW relation which tells us how to define chiral transformation for 
the Dirac as well as the auxiliary fields on the coarse lattice. Under the suit- 
able locality assumption for the auxiliary fields, we have determined the chiral 
transformation for the macroscopic fields. The transformation rule is used to 
construct chiral invariant actions. The other WT identity can be interpreted 
as an anomaly matching relation between the microscopic and the macroscopic 
theories. This identity contains contributions arising from the transformation of 
the functional measure, and is used to construct counter terms needed to make 
the functional measure on the coarse lattice chiral invariant. In the antifield 
formalism, these WT identities are obtained from the QME S = 0. 

Owing to the auxiliary field method, the fermionic sector of our system is lin- 
earized. The price for it is that the integration over the auxiliary fields remains 
in the condition < £ >= 0. We have considered in this paper the QME £ = 0, 
and found four types of actions which solve the QME. However, they are found 
to have singularities in the Yukawa couplings and the potential of the auxiliary 
fields. Those in the Yukawa couplings are related to the presence of doubler 
modes. Beside these singularities, none of the kinetic term of the Dirac fields, 
the Yukawa couplings and the functional measure becomes chiral invariant in 
the realization of the symmetry with the block variables. In order to avoid these 
problems, we have used more suitable sets of variables obtained by (singular) 
canonical transformations. We have discussed four types of the transformed 
actions. In all cases, the new fields transform linearly, and have chiral invariant 
functional measure. Among these actions, only two of them define consistent 
quantum theories. They are exactly equivalent to those obtained by using the 
representation method for chiral algebra arising from free field theory: One 
defines the chiral transformation in the free theory, and then constructs chiral 
invariant Yukawa couplings from the chiral decomposition. The chiral invariance 
in such systems is expressed by the classical master equation rather than the 
QME. Since the new auxiliary fields belong to the conventional SO(2) multiplet, 
they are readily integrated to give purely fermionic system. The Nambu-Jona- 
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Lasinio model emerges as the simplest one. Our results may give justification 
of the representation method for formulating lattice chiral symmetry in theories 
with generic interactions. 

Let us discuss some implications of our results for realization of regularization- 
dependent symmetry in lattice or continuum theory. The block transformation 
on the lattice or its continuum analog plays an important role in inheriting 
symmetry properties of the macroscopic theory from those of the microscopic 
theory. In general, the functional measure for the original block variables may 
not be invariant under the cutoff-dependent symmetry transformations. The 
induced change in the functional measure corresponds to the A derivative of 
the extended action, whose explicit expression depends on the UV regulariza- 
tion scheme. However, unless nontrivial anomaly is present in the given theory, 
one can always find the counter action needed to cancel the A derivative con- 
tribution. The counter action is regularization dependent, but is expected to 
be antifield independent. Then, a canonical transformation will be performed 
in such a way that new fields have invariant measure. This corresponds to the 
reduction of the QME to the classical master equation. 
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A Derivation of some formulae 



Let us first derive (|3.24|) , ( |3.25| ) and (|3.26[) . The reduced GW relation (|3.2l|) is 



divided into the local terms and the nonlocal terms which depend on C and/or 
1Z. The nonlocal terms becomes 

{75,0: + XTL + CXTL} 
-2D -y 5 (X + CX + XTZ + CXTL) 
-2(X + CX + XK + CXK)"t 5 D 
-2X75(0: + XTZ + CXTZ) 

-2 (CX + XK + CXK) j 5 X "' 

-2 (CX + X1Z + CXK)~/ 5 (CX + XK + CXTZ) 

-2 ( £ 75 (X - X 2 ) + 75 (X - X 2 )1Z + C-y 5 [X - X 2 )K ) 

= jcx + xh + rcxn + cxn - 2xgx - 2xgxn - 2cxgx - 2cxgxn = 0. 
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where 



tC = f 5 £ - £75 - 2£>o75 - 2D 7 5 £, 
H = -75^ + ^75-275^0-2^75^0, 
G = j 5 C + TZ l5 +TZ l5 C. 



(A.2) 



The conditions K, = H = Q = lead to fl3.24|) , ( |3.25| ) an d (|3.26| ). 

L et us show that £ and 7tL in ( 3.27 ) are s oluti ons of ( 3.24 ) ~ (|3.26| ). K with 
C in ( 3.27 ) is the GW relation is free theory ( 3.25 ) . TL with 1Z in (|3.27|) becomes 



n 



-75-Do - -Do75 + 2D -f 5 D 

-75^075^075 ^ 1" D 0l5D J 5 



1 



-D075-D0 



1 - 75-D075 

£>075^0 



1 



1-D 



1 - 75-D075 
(1 - 2A>) 



75 (1 - 2D ) 



1 - 75-D075 

A)71sA> ^ ^tt— (- (1 - D o) + (1 - 75^075) (1 - 2A>)) ' 



1 - 75-D075 



0. 



1-D 
(A.3) 



where we have used 75D075D075 = D075D0. Finally, Q turns to be 

1 



75-Do + -D a + A)75A)75 



1 - 75-D075 



75 



-D + D j 5 D ~f 5 



1 



75 (-D ) 



1 - 75-D075, 
-75D0 - D075 + 2D Q -f 5 D Q ) 

-D075-D0 + -D075-D075 75 - -D075-D075 



1 



1 - 75-D075 



D075-D075 -1 + 



-D075-D075 



0. 



1 



1 - 75D075 



75 - D075D075 



1 - 75D075 
1 



75 D 



1 - 75 Do 75 



75 D 



1 

1 - 75D075 



75 D - D 75 D 75 



1 

1 - 75D075 



75D0 



(A.4) 
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